Published by Institute of Physics Publishing for SISSA/ISAS Received: July 9, 2004 Accepted: July 22, 2004

Non-singular twisted S-branes from rotating branes

Hong Lü^∗

George P. and Cynthia W. Mitchell Institute for Fundamental Physics Texas A & M University, College Station, TX 77843-4242, U.S.A. E-mail: honglu@umich.edu

Justin F. Vázquez-Poritz^†

Department of Physics and Astronomy, University of Kentucky Lexington, KY 40506, U.S.A., and Department of Physics, University of Cincinnati Cincinnati OH 45221-0011, U.S.A. E-mail: jporitz@pa.uky.edu

Abstract: We show that rotating p-brane solutions admit an analytical continuation to become twisted Sp-branes. Although a rotating p-brane has a naked singularity for large angular momenta, the corresponding S-brane configuration is regular everywhere and exhibits a smooth bounce between two phases of Minkowski spacetime. If the foliating hyperbolic space of the transverse space is of even dimension, such as for the twisted SM5- brane, then for an appropriate choice of parameters the solution smoothly flows from a warped product of two-dimensional de Sitter spacetime, five-dimensional euclidean space and a hyperbolic 4-space in the infinite past to Minkowski spacetime in the infinite future. We also show that non-singular S-Kerr solutions can arise from higher-dimensional Kerr black holes, so long as all (all but one) angular momenta are non-vanishing for even (odd) dimensions.

Keywords: M-Theory, p-branes.

∗Research supported in part by DOE grant DE-FG03-95ER40917. †Research supported in part by DOE grant DE-FG01-00ER45832.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep072004050 /jhep072004050 .pdf

Contents

1. Introduction 1

2. Non-singular SM5-brane 2

3. Non-singular SM2-brane 6

4. Non-singular SD3-brane 8

5. S-Kerr solutions 10 5.1 Even dimensions: D = 2n + 2 10 5.2 Odd dimensions: D = 2n + 1 12

6. Non-singular Sp-branes 13

7. Conclusions 14

1. Introduction

There are two ways of generalizing isotropic extremal p-branes while maintaining the isotropy. One is to introduce a non-extremal factor, which gives rise to non-extremal black p-branes [1, 2]. The other is to relax the condition dA + d̃B = 0 [3]. A nice feature of the second generalization is that the Poincaré symmetry of the p-brane world-volume is maintained. The equations can be reduced to a set of Liouville or Toda equations which can be solved exactly [3]. These solutions can be analytically continued [4] to give rise to cosmological solutions [5, 6, 7, 4], which are now known as S-branes [8].

An interesting feature of the analytical continuation of static black hole or p-brane solutions is that, in many cases, singular solutions become regular. An early example of this is the observation that a Schwarzschild black hole can be analytically continued to a completely regular time-dependent “bubble of nothing” [9, 10]. Another early example is that a four-dimensional de Sitter Kerr black hole can give rise to a smooth four-dimensional Einstein space [11]. This has recently been generalized to five dimensions, which results in an infinite number of five-dimensional inhomogeneous Einstein spaces [12].

It was shown in [13] that singular extremal and non-extremal charged AdS black holes can be analytically continued to regular flux-branes. Also, singular de Sitter charged black holes can be analytically continued to smooth cosmological solutions [13, 14]. The cosmological solution that results in the case of four dimensions can be lifted to a non-

– 1 – singular S-brane configuration in eleven dimensions [15, 16]. Recent examples of nonsingular S-branes have also arisen from diholes [17] and Kerr black holes [18, 19]. In this paper, we consider non-singular S-brane configurations which arise from analytically continuing rotating p-branes. For simplicity of terminology, we shall refer to these new solutions as Sp-branes. We also obtain regular S-Kerr solutions in arbitrary dimenensions.

This paper is organized as follows. In sections 2, 3 and 4, we present non-singular SM5, SM2 and SD3-branes, which are related to rotating M5, M2 and D3-branes, respectively. In section 5, we discuss S-Kerr solutions, which arise from higher-dimensional Kerr black holes. In section 6, we present general Sp-branes, which are related to rotating p-branes. Lastly, conclusions are presented in section 7.

2. Non-singular SM5-brane

The rotating M5-brane was constructed in [20]. Adopting the notation of [21], the metric can be written as

ds^2_{11} = H^{−1/3} ( − ( 1 − 2m r^3 Δ ) dt^2 + dx^2_1 + · · · + dx^2_5 ) + +H^{2/3} [ Δ dr^2 H_1 H_2 −^{2m}_{r3}

+ r^2 ( dμ^2_0 + 2∑ i=1 H_i (dμ^2_i + μ^2_i dϕ^2_i ) ) −

− 4m cosh α r^3 H Δ dt 2∑ i=1 ℓ_i μ^2_i dϕ_i + 2m r^3 H Δ

(_2 ∑ i=1 ℓ_i μ^2_i dϕ_i

)_2] , (2.1)

where Δ, H and H_i are given by

Δ = H_1 H_2 ( μ^2_0 + μ^2_1 H_1 + μ^2 H_2 ) , H = 1 +

2m sinh^2 α r^3 Δ

, H_i = 1 + ℓ^2_i r^2

. (2.2)

The μ_i satisfy μ^2_0 + μ^2_1 + μ^2 = 1. The 4-form field strength is given by F_{(4)} = ∗dA_{(6)}, where

A_{(6)} = 1 − H^{−1} sinh α ( cosh α dt + 2∑ i=1 ℓ_i μ^2_i dϕ_i ) ∧ d^5x . (2.3)

Note that, if one turns off the M5-brane charge by setting α = 0, the metric becomes the product of the six-dimensional Kerr solution with five-dimensional euclidean space.

We now perform the following analytical continuation: t → i z , r → i t , ℓ_i → −i ℓ_i , α → i α , m → −i m , (2.4) and define μ_0 = μ̃_0 , μ_1 = i μ̃_1 , μ_2 = i μ̃_2 , (2.5)

– 2 – such that μ̃^2_0 − μ̃^2_1 − μ̃^2 = 1. It is important to note that the μ̃_i are unbounded now. The rotating M5-brane becomes a twisted SM5-brane, given by

ds^2_{11} = H̃^{−1/3} (( 1 − 2m t^3 Δ̃ ) dz^2 + dx^2_1 + · · · + dx^2_5 ) + +H̃^{2/3} [ − Δ̃ dt2 H̃_1 H̃_2 −^{2m}_{t3} + t^2 ( − dμ̃^2_0 + 2∑ i=1 H̃_i (dμ̃^2_i + μ̃^2_i dϕ^2_i ) ) +

+ 4m cos α t^3 H̃ Δ̃ dz 2∑ i=1 ℓ_i μ̃^2_i dϕ_i − 2m t^3 H̃ Δ̃

(_2 ∑ i=1 ℓ_i μ̃^2_i dϕ_i

)_2] ,

A_{(6)} = 1 − H̃^{−1} sin α ( cos α dz + 2∑ i=1 ℓ_i μ̃^2_i dϕ_i ) ∧ d^5x , (2.6)

where

H̃ = 1 − 2m sin^2 α t^3 Δ̃

, H̃_i = 1 + ℓ^2_i t^2

, Δ̃ = H̃_1 H̃_2 ( μ̃^2_0 − μ̃^2_1 H̃_1 − μ̃^2 H̃_2 ) . (2.7)

Notice that the solution is invariant under t → −t, m → −m.

Unlike the corresponding M5-brane, this S-brane solution does not have an extremal limit. The brane charge vanishes when m = 0, in which case the metric is merely that of Minkowski spacetime. Thus, for non-triviality, we consider the case with m ≠ 0. Another difference between this S-brane and the corresponding M5-brane is that, for the latter solution, one can perform a decoupling limit in which the “1” in the function H can be dropped. The resulting solution can be consistently dimensionally reduced to a sevendimensional AdS black hole [21]. However, this procedure is not possible for the SM5- brane, for the same reason that an extremal limit is lacking. This feature persists in all of the Sp-branes that we have obtained. This implies that these Sp-branes are intrinsically higher-dimensional and do not arise from the dimensional oxidation of lower-dimensional gauged supergravity solutions.

When all ℓ_i = 0, the solution is an analytical continuation of the black M5-brane. This is different from the standard S5-brane [4, 8], since in the present case the euclidean symmetry of the worldvolume is broken. Instead, standard S-branes are related by analytical continuation to non-extremal p-branes which have Poincaré symmetry on the worldvolume [4]. Also, note that the presence of the ℓ_i parameters breaks the R-symmetry associated with the isometries of the transverse hyperbolic space. The same story holds for all of the S-brane solutions presented in this paper.

Now let us study the behavior of the metric. In the regions t → ±∞, the metric becomes Minkowski spacetime written in the following form:

ds^2_{11} = −dt^2 + t^2dΩ^2_{4,−1} + dz^2 + dx^2_1 + · · · + dx^2_5 , (2.8)

where dΩ^2_{4,−1} = −dμ̃^2_0+

∑_2 i=1(dμ̃^2_i +μ̃^2_i dϕ^2_i ) is the metric of the unit hyperbolic 4-plane. This describes a five-dimensional universe with hyperbolic spatial slices expanding or contracting

– 3 – at a constant rate, together with a stable E^5 or T^5. To analyze the behavior at small t, we first examine the dt^2 term. Since the quantity

t^4Δ̃ = (t^2 + ℓ^2_1)(t^2 + ℓ^2) ( 1 + μ̃^2_1 ℓ^2_1 t^2 + ℓ^2_1 + μ̃^2 ℓ^2 t^2 + ℓ^2 ) , (2.9)

is positive definite for all ℓ_i non-vanishing , we can determine whether t is a time-like or space-like coordinate by examining the function F , given by

F = t^4(H̃_1 H̃_2) − 2mt . (2.10)

This function is positive for t → ±∞. If |m| < m_0, with m_0 given by

m_0 = √ 6 18 (√ ℓ^4_1 + 14ℓ_1ℓ_2 + ℓ^4_2 + 2ℓ^2_1 + 2ℓ^2 ) √√ ℓ^4_1 + 14ℓ_1ℓ_2 + ℓ^4_2 − ℓ^2_1 − ℓ^2 , (2.11)

then the function F is positive definite and t is always time-like. On the other hand, if |m| > m_0, then the function has two positive roots t_+ and t_−. In the regions t > t_+ and t < t_−, the function F is positive and t is time-like. In the region t_− < t < t_+, F is negative and t becomes a space-like coordinate. When |m| = m_0, the function F has a second-order zero. In other words, we have t_+ = t_− = t_0, where t_0 is given by

t_0 = 1 √ 6 √√ ℓ^4_1 + 14ℓ_1ℓ_2 + ℓ^4_2 − ℓ^2_1 − ℓ^2 . (2.12)

Let us first consider the case for which |m| < m_0. The twisted SM2-brane is then completely regular, bouncing from one Minkowski spacetime in the infinite past to another Minkowski spacetime in the infinite future. To show this, we note that the function H̃, given by

H̃ = 1

t^4 Δ̃ ( F + 2m t cos^2 α + t^4H̃_1 H̃_2 2∑ i=1 μ̃^2_1 ℓ^2_i t^2 + ℓ^2_i ) , (2.13)

is positive definite if F is non-negative. One might worry that the 2mt cos^2 α term may cause a problem for negative t. However, F + 2mt cos^2 α = t^4H̃_1 H̃_2 − 2mt sin^2 α is always positive if F is non-negative. Thus, we find that 0 < H̃ ≤ 1. This implies that the scale factor for the five-dimensional euclidean space dx^i dx^i and dz^2_i remains finite and non-vanishing, while the hyperbolic 4-plane undergoes contraction and expansion.

One important difference between the twisted SM5-brane and the original rotating M5- brane is that t^4Δ̃ is positive definite for the former case as long as all ℓ_i are non-vanishing. The corresponding term r^4Δ for the rotating M5-brane always encounters a singularity. This is the reason why the rotating M5-brane with two large angular momentum has a naked singularity while the corresponding SM5-brane is regular.

– 4 –

When |m| > m_0, the function H̃ may become zero for large |m|. This happens when m ≥ m_0/ sin^2 α. The solution then has a naked singularity when H̃ vanishes. For m_0 < |m| < m_0/ sin^2 α, although F can be negative, H̃ is still positive definite. The solution becomes stationary in the region t_− < t < t_+, where t_± are the horizons. It is expected that the dz^2 term can change sign in this region, and z is then promoted as a time coordinate. However, the periodic coordinates ϕ_i can also develop a time-like signature. To see this, we note that the determinant of the metric in the z and ϕ_i directions is given by

det(g_{ij} (dϕ_i, dz)) = H̃ μ̃^2_1 μ̃^2 F . (2.14)

We see that, when F < 0, the signature of either z or one of the ϕ_i is changed. Thus, in the region where F < 0 but with positive (1 − 2m/(t^3 Δ̃)), one of the compact coordinates ϕ_i will become time-like. To see this more precisely, let us examine, without loss of generality, the dϕ^2_1 component of the metric; it is given by

t^2H̃_1 (F + 2mt cos^2 α) + μ̃^2_1 ℓ^2_1 F + t^4H̃_1 μ̃^2 ℓ^2 t^4 Δ̃H̃ μ̃^2_1 . (2.15)

We see that, for F > 0, it is positive definite. When F becomes negative then, since μ̃^2_1 is unbounded, the compact coordinate ϕ_1 can become time-like, giving rise to a closed time-like curve. Since this stationary region is not hidden from external observers by an event horizon, it is not clear if this case has physical relevance.

Now let us consider the case when |m| = m_0, for which

F (t_0) = 0 , F^′(t_0) = 0 . (2.16)

In other words, there exists a second-order zero for the function F at t_0. The function F , however, never actually becomes negative. In this case, the Minkowski spacetimes at t → ±∞ are disjoint. The point of t = t_0 can be viewed as a two-dimensional de Sitter spacetime in the infinite past. To see this, we complete the square for the dϕ_i terms, and the remaining dz^2 metric component is given by

(H̃_1 H̃_2 t^3 − 2m) Δ̃ H̃^23 Δ̃(t3H̃_1 H̃_2 − 2m) + 2H̃_1 H̃_2 m cos2 α , (2.17)

which shrinks to zero at t = t_0. In the t = t_0 region, the metric for the t and z coordinates becomes ds^2 = t^4_0 Δ̃ H̃^{23} ( (t − t_0)^2 F^{′′}(t_0) 4t^5_0 H̃_1 H̃_2 m cos α dz^2 − 2 (t − t_0)^2 F^{′′}(t_0) dt^2 ) , (2.18)

which is two-dimensional de Sitter spacetime with a warp factor Δ̃ H̃^{2/3} that depends on the coordinates of the four-dimensional hyperbolic space. In the special case ℓ_1 = ℓ_2 ≡ ℓ, the conditions (2.11) and (2.12) reduce to

m_0 =

8ℓ^3 3 √ 3 , t_0 = ℓ √ 3 , (2.19)

– 5 – and the function F simplifies to

F = (t − t_0)^2(t + 2t t_0 + 9t^2_0) . (2.20)

To summarize, for all ℓ_i non-vanishing, m has a critical value m_0. For |m| < m_0, the solution is regular everywhere and bounces between two phases of five-dimensional Minkowski spacetime, with a stable E^6 or T^6. If m = m_0, then the geometry runs from a warped product of two-dimensional de Sitter spacetime and a hyperbolic 4-plane with a stable E^5 or T^5 to Minkowski spacetime. For |m| > m_0, the solution develops closed time-like curves in the stationary region. The solution is further corrupted by a naked singularity when m ≥ m_0/ sin^2 α, due to the contribution of the brane charge.

So far, we have considered the case when both ℓ_i are non-zero. When one or both of them vanish, the solution becomes singular. This is because F will no longer be positive definite and, furthermore, the condition F (t_0) = 0 and F^′(t_0) = 0 can never be satisfied. Thus, there is nothing to prevent the solution passing from the time-like region to the stationary region, where the t^4Δ̃ term in (2.9) becomes zero at t = 0. This yields a naked singularity in the stationary region.

There can be other analytical continuations than what has been presented above. For example, we can take μ_0 = i μ̃_0, μ_1 = i μ̃_1 and μ_2 = i μ̃_2. The reality of the solution now requires ϕ_i, rather than ℓ_i to undergo a Wick rotation. As a result, the functions H̃_i are given by H̃_i = 1 − ℓ^2_i /t^2. It is easy to verify that the solution is not regular.

3. Non-singular SM2-brane

The metric for the rotating M2-brane was obtained in [20]. Adopting the notation of [21], the solution is given by

ds^2_{11} = H^{−2/3} ( − ( 1 − 2m r^6 Δ ) dt^2 + dx^2_1 + dx^2 ) + +H^{1/3} [ Δ dr^2 H_1 H_2 H_3 H_4 −^{2m}_{r6}

+ r^2 4∑ i=1 H_i (dμ^2_i + μ^2_i dϕ^2_i ) −

− 4m cosh α r^6 H Δ dt (_4 ∑ i=1 ℓ_i μ^2_i dϕ_i ) + 2m r^6 H Δ

(_4 ∑ i=1 ℓ_i μ^2_i dϕ_i

)_2] , (3.1)

where Δ, H and H_i are given by

Δ = H_1 H_2 H_3 H_4 4∑ i=1 μ^2_i H_i , H = 1 +

2m sinh^2 α

r^6 Δ

, H_i = 1 + ℓ^2_i r^2

, (3.2)

and the μ_i satisfy

∑_4

i=1 μ^2_i = 1. The 3-form gauge potential is given by

A_{(3)} = 1 − H^{−1} sinh α ( − cosh α dt + 4∑ i=1 ℓ_i μ^2_i dϕ_i ) ∧ d^2x . (3.3)

– 6 –

We perform the following analytical continuation:

t → i z , r → i t , ϕ_4 → i ϕ_4 , α → i α , m → −i m , ℓ_j → −i ℓ_j j = 1, 2, 3 , (3.4)

and ℓ_4 is unchanged. We define

μ_4 = μ̃_4 , μ_j = i μ̃_j , (3.5)

such that μ̃^2_4 −

∑_3

j=1 μ̃^2_j = 1. Thus the μ̃_i are unbounded.

The rotating M2-brane becomes a twisted SM2-brane given by

ds^2_{11} = H̃^{−2/3} (( 1 − 2m t^6 Δ̃ ) dz^2 + dx^2_1 + dx^2 ) + +H̃^{1/3} [ − Δ̃ dt2 H̃_1 H̃_2 H̃_3 H̃_4 −^{2m}_{t6} + t^2 3∑ j=1 H̃_j (dμ̃^2_j + μ̃^2_j dϕ^2_j ) +

+ t^2 H̃_4 (−dμ̃^2_4 + μ̃^2_4 dϕ^2_4) +

4m cos α t^6 H̃ Δ̃ dz (_4 ∑ i=1 ℓ_i μ̃^2_i dϕ_i ) −

− 2m t^6 H̃ Δ̃

(_4 ∑ i=1 ℓ_i μ̃^2_i dϕ_i

)_2] ,

A_{(3)} = 1 − H̃^{−1} sin α ( − cos α dz + 4∑ i=1 ℓ_i μ̃^2_i dϕ_i ) ∧ d^2x , (3.6)

where

H̃ = 1 − 2m sin^2 α t^6 Δ̃

, Δ̃ = H̃_1 H̃_2 H̃_3 H̃_4 ( μ̃^2_4 H̃_4 − 3∑ j=1 μ̃^2_j H̃_j ) ,

H_4 = 1 − ℓ^2_4 t^2

, H̃_j = 1 + ℓ^2_j t^2 j = 1, 2, 3 . (3.7)

This solution is invariant under t → −t.

In the asymptotic t → ±∞ regions, the geometry becomes Minkowski spacetime, describing an eight-dimensional universe expanding or contracting at a constant rate, together with a stable E^3 or T^3. At small t, the analysis is similar to the previous section. In order to avoid a singularity when H_4 = 1 − ℓ_i/t^2 vanishes or becomes negative, it is necessary to set ℓ_4 = 0. Having done that, the quantity

t^6Δ̃ = (t^2 + ℓ_1)^2(t^2 + ℓ^2)(t^2 + ℓ^2_3) ( 1 + 3∑ i=1 μ̃^2_i ℓ^2_i t^2 + ℓ^2_i ) (3.8)

is positive definite as long as ℓ_1, ℓ_2 and ℓ_3 are all non-vanishing. The global structure of the metric is now largely determined by the function

F = t^6H̃_1 H̃_2 H̃_3 − 2m . (3.9)

– 7 –

When we have m < m_0 ≡ 1 2 (ℓ_1 ℓ_2 ℓ_3)^2 , ℓ_4 = 0 , (3.10)

the function F is positive definite. The function H̃, given by

H̃ = t^{−6}Δ̃^{−1} ( F + 2m cos^2 α + t^6H̃_1 H̃_2 H̃_3 3∑ i=1 μ̃^2_i ℓ^2_i t^2 + ℓ^2_i ) , (3.11)

can also be seen to be positive definite. Thus, the solution is regular everywhere, bouncing between two Minkowski spacetimes in the t → ±∞ regions. It is worth pointing out that the condition m < m_0 includes the possibility of negative m.

When m ≥ m_0, the function F has two real roots ±t_0, between which the solution becomes stationary. For m ≥ m_0/ sin^2 α, the function H̃ can vanish and, hence, the solution is singular. For m_0 ≤ m < m_0/ sin^2 α, we expect that the solution has no curvature singularity. However, metric develops closed time-like curves. This can be seen from the determinant of the metric for the z and ϕ_i directions, which is given by

det(g_{ij} ) = H̃^{2/3} μ̃^2_1 μ̃^2 μ̃^2_3 μ̃^2_4 F . (3.12)

Comparing this with the dz^2 term, it is easy to see that the compact coordinates ϕ_i can develop time-like signatures. Without loss of generality, we can examine the dϕ^2_1 term, given by

μ̃^2_1 dϕ^2_1 t^6 H̃ Δ̃ [ t^2H̃_1 (F + 2m cos^2 α) + F μ̃^2_1 ℓ^2_1 + t^6H̃_1 H̃_2 H̃_3 3∑ i=2 μ̃^2_i ℓ^2_i t^2H̃_i ] . (3.13)

The positivity of this term is ensured only for positive F , since μ̃_i is unbounded.

To summarize, when ℓ_4 = 0 and ℓ_j ≠ 0 with j = 1, 2, 3, there exists a critical value m_0 =^1_2 (ℓ_1 ℓ_2 ℓ_3)^2. For −∞ < m < m_0, the solution is regular everywhere, bouncing between two Minkowski spacetimes at t → ±∞. The solution is totally symmetric under t → −t. The function H̃ is finite but non-vanishing, which implies the stability of a E^3 (or T^3) portion of the spacetime. For m > m_0, the solution develops closed time-like curves. Furthermore, for m > m_0/ sin^2 α the solution becomes singular, due to the brane charge contribution. It is worth pointing out that unlike the SM5-brane, here we are forced to set one of the angular momentum , which implies that F never develops a second-order zero. Thus there can be no dS_2 factor arising in this case. This turns out to be a generic feature of twisted S-branes with an odd-dimensional hyperbolic transverse space.

If there are additional ℓ_i vanishing, the solution becomes singular at t = 0, which is in a stationary region. There are alternative analytical continuations which lead to singular solutions.

4. Non-singular SD3-brane

The metric for the rotating D3-brane was found in [22, 23]. Adopting the notation of [21], the solution is given by

ds^2_{10} = H^{−1/2} ( − ( 1 − 2m r^4 Δ ) dt^2 + dx^2_1 + dx^2 + dx^2_3 ) +

– 8 –

+H^{1/2} [ Δ dr^2 H_1 H_2 H_3 −^{2m}_{r4}

+ r^2 3∑ i=1 H_i (dμ^2_i + μ^2_i dϕ^2_i ) −

− 4m cosh α

r^4 H Δ dt 3∑ i=1 ℓ_i μ^2_i dϕ_i + 2m r^4 H Δ

(_3 ∑ i=1 ℓ_i μ^2_i dϕ_i

)_2] , (4.1)

where Δ, H and H_i are given by

Δ = H_1 H_2 H_3 3∑ i=1 μ^2_i H_i , H = 1 +

2m sinh^2 α

r^4 Δ

, H_i = 1 + ℓ^2_i r^2

, (4.2)

and the μ_i satisfy μ^2_1 + μ^2 + μ^2_3 = 1. The self-dual 5-form field strength is given by F_{(5)} = dA_{(4)} + ∗dA_{(4)}, where

A_{(4)} = 1 − H^{−1} sinh α ( − cosh α dt + 3∑ i=1 ℓ_i μ^2_i dϕ_i ) ∧ d^3x . (4.3)

We perform the following analytical continuation:

t → i z , r → i t , ϕ_3 → i ϕ_3 , ℓ_1 → −i ℓ_1 , ℓ_2 → −i ℓ_2 , α → i α ,

and ℓ_3 and m are unchanged. We define

μ_1 = i μ̃_1 , μ_2 = i μ̃_2 , μ_3 = μ̃_3 , (4.5)

such that μ̃^2_3 − μ̃^2_1 − μ̃^2 = 1.

The rotating D3-brane becomes a twisted SD3-brane, given by

ds^2_{10} = H̃^{− 12} (( 1 − 2m t^4 Δ̃ ) dz^2 + dx^2_1 + dx^2 + dx^2_3 ) + +H̃^{12} [ − Δ̃ dt2 H̃_1 H̃_2 H̃_3 −^{2m}_{t4} + t^2

(_2 ∑ j=1 H̃_j (dμ̃^2_j + μ̃^2_j dϕ^2_j ) − H̃_3(dμ̃^2_3 − μ̃^2_3 dϕ^2_3) ) +

+ 4m cos α t^4 H̃ Δ̃ dz 3∑ i=1 ℓ_i μ̃^2_i dϕ_i − 2m t^4 H̃ Δ̃

(_3 ∑ i=1 ℓ_i μ̃^2_i dϕ_i

)_2] ,

A_{(4)} = 1 − H̃^{−1} sin α ( − cos α dz + 3∑ i=1 ℓ_i μ̃^2_i dϕ_i ) ∧ d^3x , (4.6)

where

H̃ = 1 − 2m sin^2 α t^4 Δ̃

, Δ̃ = H̃_1 H̃_2 H̃_3 ( μ̃^2_3 H̃_3 − μ̃^2_1 H̃_1 − μ̃^2 H̃_2 ) , H̃_3 = 1 − ℓ^{23}

t^2

, H̃_j = 1 + ℓ^2_j t^2 j = 1, 2 . (4.7)

This solution is invariant under t → −t.

– 9 –

Since the foliating sphere for D3-brane is odd-dimensional, the properties of the SD3- brane solution are rather analogous to those of the SM2-brane. In the asymptotic t → ±∞ regions, the geometry becomes Minkowski spacetime, describing a six-dimensional expanding or contracting universe, together with a stable E^4 or T^4.

For regularity, it is necessary to set ℓ_3 to zero. When the remaining ℓ_1 and ℓ_2 are both non-zero. there exists a critical value m_0 = frac12(ℓ_1 ℓ_2 ℓ_3)^2. For −∞ < m < m_0, the solution is regular everywhere, bouncing between two six-dimensional Minkowski spacetimes at t → ±∞ with a stable E^4 (or T^4). The solution is totally symmetric under t → −t. The function H̃ is finite but non-vanishing, implying the stability of the E^4 (or T^4). For m > m_0, the solution develops closed time-like curves. Furthermore, for m > m_0/ sin^2 α, the solution becomes singular due to the brane charge contribution.

If there are additional ℓ_i vanishing, the solution becomes singular at t = 0, which is in a stationary region. There exist more ways of taking analytical continuations, all of which lead to singular solutions.

5. S-Kerr solutions

So far, we have considered three examples of rotating p-branes analytically continuing to S-brane configurations. The S-brane solutions can become regular for large angular momenta. One feature is that the introduction of the brane charge does not affect the regularity of the solutions in any significant way. Thus, the discussion of the regularity is more or less the same for S-Kerr solutions, which can be analytically continued from Kerr black holes. Regular S-Kerr solutions for four and five dimensions were obtained in [18, 19]. Higher-dimensional S-Kerr solutions with one angular momentum parameter were obtained in [19] but these solutions are singular. In this section, we obtain regular S-Kerr solutions in arbitrary dimension. The situation differs depending on whether the number of dimensions is even or odd.

5.1 Even dimensions: D = 2n + 2

The Kerr-Schild solution in D = 2n + 2 dimensions, with a sphere of d = 2n dimensions, has the metric [24]

ds^2_D = −dt^2 +

Δ dr^2 ∏_n i=1 H_i −^{2m}_{r2n−1} + r^2dμ^2_0 + r^2 n∑ i=1 H_i (dμ^2_i + μ^2_i dϕ^2_i ) +

+ 2m r^{2n−1} Δ ( dt − n∑ i ℓ_i μ^2_i dϕ_i

)_2 , (5.1)

where μ^2_0 + n∑ i=1 μ^2_i = 1 , Δ = ( μ^2_0 + n∑ i=1 μ^2_i H_i )_n ∏ i=1 H_i , (5.2)

and H_i = 1 + ℓ^2_i /r^2. We can now perform the analytical continuation t → i z , r → i t , ℓ_i → −i ℓ_i , α → i α , m → −i m , (5.3)

– 10 – together with taking μ_0 = μ̃_0 and μ_i = i μ̃_i, such that μ̃^2_0 − ∑_n i=1 μ̃^2_i = 1. The Kerr-Schild solution becomes an S-Kerr solution, given by

ds^2_D = dz^2 − Δ̃ dt2 ∏_n i=1 H̃_i −^{2m}_{t2n−1} − t^2dμ̃^{20} + t^2 n∑ i=1 H̃_i (dμ̃^2_i + μ̃^2_i dϕ^2_i ) −

− 2m t^{2n−1} Δ̃ ( dz − n∑ i ℓ_i μ̃^2_i dϕ_i

)_2

, (5.4)

where H̃_i = 1 + ℓ^{2i} t^2

, Δ̃ = ( μ̃^2_0 − n∑ i=1 μ̃^2_i H̃_i )_n∏ i=1 H̃_i . (5.5)

This solution is invariant under t → −t, m → −m.

In the asymptotic t → ±∞ regions, the solution becomes a D − 1 dimensional universe with hyperbolic spatial slices expanding or contracting at a constant rate, together with a stable R or S^1 direction. Note that the quantity t^{2n}Δ̃ given by

t^{2n} Δ̃ = ( 1 + n∑ i=1 μ̃^2_i ℓ^2_i t^2 + ℓ^2_i )^n∏ i=1 (t^2 + ℓ^2_i ) , (5.6)

is positive definite for non-vanishing ℓ_i. That is, if any of the ℓ_i is zero, then the above quantity will vanish at t = 0 and the solution becomes singular. The global structure is largely determined by the function F = −2mt + t^{2n} n∏ i=1 H̃_i , (5.7)

which appears as a factor in the dt^2 term of the metric (5.4). When all the parameters ℓ_i are non-zero, there exists a critical value m_0, for which there is a time t_0 such that F (t_0) = 0 and F^′(t_0) = 0. The values of m_0 and t_0 depend on the ℓ_i in a complicated way. We only present a special case of ℓ_i = ℓ:

t_0 = ℓ √ 2n − 1 , m_0 = 2^{n−1} n^n t^{2n−1}_0 . (5.8)

When |m| < m_0, the function F is positive definite. It follows that the solution is regular everywhere, bouncing between two Minkowski spacetimes. When |m| > m_0, the function F will have two roots t_+ and t_−, between which F becomes negative and the solution is stationary. Although we expect that there is no curvature singularity in this case, the metric develops closed time-like curves. This can be seen, without loss of generality, by examining the dϕ^2_1 term of the metric, given by

μ̃^2_1 t^{2n}Δ̃ [ t^{2n+2} n∏ i=1 H̃_i + F μ̃^2_1 ℓ^2_i + t^{2n} (_n∏ i=1 H̃_i )_n∑ i=2 μ̃^2_i ℓ^2_i t^2 H̃_i ] . (5.9)

Thus, the compact coordinates ϕ_i are always space-like if F is positive but can become time-like if F is negative, since the μ̃_i are not bounded.

– 11 –

Finally, when |m| = m_0, the function F has a second-order zero at t = t_0 but never becomes negative. Near t = t_0, the metric contains an element of two-dimensional de Sitter spacetime. To see this, we can complete the square of dϕ_i, and the remaining dz^2 term becomes Δ̃ F Δ̃ F + 2mt ∏^n_{i=1} H̃_i . (5.10)

Thus, the metric components involving the t and z coordinates around t = t_0 are given by

ds^2 = Δ̃ [ (t − t_0)^2 F^{′′}(t_0) 4m t_0 ∏_n i=1 H̃_i dz^2 −

2t^{2n}_0 (t − t_0)^2 F^{′′}(t_0) dt^2 ] , (5.11)

where H̃_i = 1+ℓ^2_i /t^2_0. The metric is clearly two-dimensional de Sitter spacetime with t = t_0 being the infinite past in the comoving frame. It has a warp factor Δ̃ that depends on the coordinates of the hyperbolic space. Thus, the D-dimensional metric at t = t_0 describes a warp product of dS_2 and a hyperbolic 2n-space.

To summarize, the S-Kerr solution in even-dimensions is regular, provided that all the ℓ_i parameters are turned on and |m| ≤ m_0. For |m| < m_0, the solution describes a smooth bounce between two phases of Minkowski spacetime. For |m| = m_0, the solution smoothly runs from a warp product of hyperbolic 2n-space and two-dimensional de Sitter spacetime in the infinite past to Minkowski spacetime in the infinite future. Lastly, for |m| > m_0, there are closed time-like curves.

5.2 Odd dimensions: D = 2n + 1

The Kerr-Schild solution in D = 2n+1 dimensions, with a sphere of d = 2n−1 dimensions, has the metric [24]

ds^2_D = −dt^2 +

Δ dr^2 ∏_n i=1 H_i −^{2m}_{r2n−2} + r^2 n∑ i=1 H_i (dμ^2_i + μ^2_i dϕ^2_i ) +

+ 2m r^{2n−2} Δ ( dt − n∑ i ℓ_i μ^2_i dϕ_i

)_2

, (5.12)

where_n ∑ i=1 μ^2_i = 1 , Δ = (_n∑ i=1 μ^2_i H_i )_n∏ i=1 H_i , (5.13)

and H_i = 1 + ℓ^2_i /r^2. We can now perform the analytical continuation t → i z , r → i t , ϕ_n → i ϕ_n , α → i α , m → −i m , ℓ_j → −i ℓ_j , j = 1, . . . , n − 1 , and ℓ_n is unchanged. We define μ_n = μ̃_n and μ_j = i μ̃_j, such that μ̃^2_n − ∑_{n−1} j=1 μ̃^2_j = 1. The Kerr-Schild solution becomes an S-Kerr solution, given by

ds^2_D = dz^2 − Δ̃ dt2 ∏_n i=1 H̃_i −^{2m}_{t2n−2} + t^2 n−1∑ i=1 H̃_i (dμ̃^2_i + μ̃^2_i dϕ^2_i ) +

– 12 –

+H̃_n (−dμ̃^2_n + μ̃^2_n dϕ^2_n) − 2m t^{2n−2} Δ̃ ( dz − n∑ i ℓ_i μ̃^2_i dϕ_i

)_2 , (5.15)

where

Δ̃ = μ̃^2_n − n−1∑ j=1 μ̃^2_j H̃_j n∏ i=1 H̃_i ,

H̃_n = 1 − ℓ^{2n} t^2

, H̃_j = 1 + ℓ^2_j t^2

, j = 1, . . . , n − 1 . (5.16)

This solution is invariant under t → −t. In the asymptotic t → ±∞ regions, the metric describes a D − 1 dimensional universe with hyperbolic spatial slices expanding or contracting at a constant rate, together with a stable R or S^1 direction. For the metric to be regular, it is necessary that ℓ_n = 0, and all the remaining ℓ_i non-vanishing. This ensures that the term t^{2n}Δ̃ is positive definite. The global structure is then largely determined by the function F = −2m + t^{2n−2} n−1∏ i=1 H̃_i . (5.17)

For small m, namely

m < m_0 = 1 2 n−1∏ i=1 ℓ^2_i , ℓ_n = 0 , (5.18)

the function F is positive definite and the metric is regular everywhere, bouncing between two Minkowski spacetimes. When m ≥ m_0, the function has two real roots ±t_0, in between which the metric becomes stationary. The metric develops closed time-like curves in this region. This can be seen by looking at the term dϕ^2_1, which is given by (5.9) with H̃_n = 1 and ℓ_n = 0. Thus, a regular solution emerges only when the condition (5.18) is satisfied with m_0 non-vanishing.

6. Non-singular Sp-branes

Single-charge p-branes are solutions of the lagrangian

e^{−1} L_D = R − 1 2 (∂ϕ)^2 − 1 2ñ!

e^{a ϕ} (F_ñ)^2 , (6.1)

where F_{(ñ)} = dA_{(ñ−1)} and a^2 = 4−2(ñ−1)(D −ñ−1)/(D −2) [25]. This lagrangian admits an electric (d − 1)-brane with d = ñ − 1 and a magnetic (d − 1)-brane with d = D − ñ − 1. Since the magnetic solution can be considered as an electric solution of the dual (D − ñ)- form field strength F_{(D−ñ)}, we need only explicitly consider the electric solution. A dual parameter is given by d̃ = D − d − 2.

The rotating p-brane solutions [21] can be analytically continued to non-singular Spbranes. Since the calculation is a straightforward extension of the previous cases, here we simply present the resulting Sp-brane solutions. If the foliating hyperbolic space of the

– 13 – transverse space is of even dimension, corresponding to d̃ = 2n − 1, then the Sp-brane metric is given by ds^2_D = H̃^{− d̃D−2} [( 1 − 2m t^{d̃} Δ̃ ) dz^2 + dx^2_1 + · · · + dx^2_p ] + +H̃^{dD−2} [ − Δ̃ dt2 ∏_n i=1 H̃_i −^{2m}_{td̃} + t^2 ( − dμ̃^2_0 + n∑ i=1 (dμ̃^2_i + μ̃^2_i dϕ^2_i ) ) +

+ 4m cos α t^{d̃} H̃ Δ̃ dz (_n ∑ i=1 ℓ_i μ̃^2_i dϕ_i ) − 2m t^{d̃} H̃ Δ̃ (_n ∑ i=1 ℓ_i μ̃^2_i dϕ_i

)_2] , (6.2)

and the dilaton ϕ and gauge potential A_{(n−1)} are given by

e^{2ϕ/a} = H̃ , A_{(n−1)} = 1 − H̃^{−1} sin α ( cos α dz + n∑ i=1 ℓ_i μ̃^2_i dϕ_i ) ∧ d^{n−2}x , (6.3)

where

Δ̃ = n∏ i=1 H̃_i ( μ̃^2_0 − n∑ i=1 μ̃^2_i H̃_i ) , H̃ = 1 − 2m sin^2 α t^{d̃} Δ̃

, H̃_i = 1 + ℓ^2_i t^2

. (6.4)

The μ̃_i satisfy μ̃^2_0 − ∑_n i=1 μ̃^2_i . This solution is invariant under t → −t, m → (−1)^{d̃} m.

Since the analysis of the regularity and geometry are similar to that of the previous solutions, we will not repeat it here. The main point is that there is a finite m_0 such that, for m < m_0 (more precisely, |m| < m_0 in the case of odd d̃), the geometry is regular and exhibits a smooth bounce between two phases of Minkowski spacetime. For m = m_0, the geometry runs from a warped product of two-dimensional de Sitter spacetime, p-dimensional euclidean space and a hyperbolic 2n-space in the infinite past to Minkowski spacetime in the infinite future. The warp factor depends on the hyperbolic coordinates. Finally, for m > m_0, there are closed time-like curves and, for m ≥ m_0/ sin^2 α, a curvature singularity.

If the foliating hyperbolic space of the transverse space is of odd dimension, then the solution is given by (6.2) with d̃ = 2n and μ̃_0 = 0. The singularity structure of the geometry is similar to above except that, instead of having a de Sitter component at m = m_0, there are closed time-like curves.

7. Conclusions

We have found twisted Sp-brane and S-Kerr solutions by analytically continuing rotating p-branes and higher-dimensional Kerr black holes, respectively. There is always a region in parameter space for which these time-dependent solutions are completely regular, even though the corresponding static solutions are marred by a naked singularity. This is among a growing number of examples for which singularities of static black hole or p-brane solutions can be analytically continued to extend onto a smooth manifold.

– 14 –

The precise structure of these time-dependent solutions depends on whether the foliating hyperbolic space of the transverse space is odd or even-dimensional. In the former case, if a single ℓ_i vanishes, then for the range m < m_0 there is a smooth bounce between two phases of Minkowski spacetime. This case includes twisted SM2 and SD3-branes. On the other hand, for an even-dimensional foliating hyperbolic space, a smooth bounce between two phases of Minkowski spacetime is exhibited within the range |m| < m_0, provided that none of the ℓ_i vanish. Also, for |m| = m_0, the solution smoothly runs from a warped product containing two-dimensional de Sitter spacetime, for which the warp factor depends on hyperbolic coordinates, to Minkowski spacetime. This latter case includes the twisted SM5-brane. Regardless of the dimensionality of the foliating hyperbolic space, for m ≥ m_0 there are closed time-like curves. In the presence of a non-zero brane charge parameter α, there is a curvature singularity for m ≥ m_0/ sin^2 α.

Although some of these solutions exhibit a two-dimensional de Sitter phase, it would naturally be quite nice to find solutions for which the spacetime element which undergoes exponential expansion has four dimensions. Therefore, it is of substantial interest to uncover a greater array of regular time-dependent solutions, and taking the analytical continuation of static solutions provides a guiding light in this endeavor.

The time evolution of our solutions may be used to investigate particle production in the early universe, the geometrical backreaction of tachyon condensation, and may provide regular supergravity backgrounds on which to study the large-N open-closed string duality in a time-dependent context.

Acknowledgments

J.F.V.P. is grateful to the George P. and Cynthia W. Mitchell Institute for Fundamental Physics for hospitality during the course of this work. We would like to thank Gary Gibbons, Don Page and Chris Pope for useful discussions.

References

[1] M.J. Duff, H. Lu and C.N. Pope, The black branes of M-theory, Phys. Lett. B 382 (1996) 73 [hep-th/9604052].

[2] M. Cvetič and A.A. Tseytlin, Non-extreme black holes from non-extreme intersecting M-branes, Nucl. Phys. B 478 (1996) 181 [hep-th/9606033].

[3] H. Lu, C.N. Pope and K.W. Xu, Liouville and toda solutions of M-theory, Mod. Phys. Lett.

A 11 (1996) 1785 [hep-th/9604058].

[4] H. Lu, S. Mukherji and C.N. Pope, From p-branes to cosmology, Int. J. Mod. Phys. A 14 (1999) 4121 [hep-th/9612224].

[5] A. Lukas, B.A. Ovrut and D. Waldram, Cosmological solutions of type-II string theory, Phys.

Lett. B 393 (1997) 65 [hep-th/9608195].

[6] H. Lu, S. Mukherji, C.N. Pope and K.W. Xu, Cosmological solutions in string theories, Phys.

Rev. D 55 (1997) 7926 [hep-th/9610107].

– 15 –

[7] A. Lukas, B.A. Ovrut and D. Waldram, String and M-theory cosmological solutions with ramond forms, Nucl. Phys. B 495 (1997) 365 [hep-th/9610238].

[8] M. Gutperle and A. Strominger, Spacelike branes, J. High Energy Phys. 04 (2002) 018 [hep-th/0202210].

[9] J. Gott, Tachyon singularity: a spacelike counterpart of the Schwarzschild black hole, Nuovo Cim. 22B (1974) 49 [10] E. Witten, Instability of the Kaluza-Klein vacuum, Nucl. Phys. B 195 (1982) 481. [11] D.N. Page, A compact rotating gravitational instanton, Phys. Lett. B 79 (1978) 235. [12] Y. Hashimoto, M. Sakaguchi and Y. Yasui, New infinite series of Einstein metrics on sphere bundles from AdS black holes, hep-th/0402199.

[13] H. Lu, C.N. Pope and J.F. Vazquez-Poritz, From AdS black holes to supersymmetric flux-branes, hep-th/0307001.

[14] H. Lu and J.F. Vazquez-Poritz, From de Sitter to de Sitter, JCAP 02 (2004) 004 [hep-th/0305250].

[15] H. Lu and J.F. Vazquez-Poritz, Four-dimensional Einstein Yang-Mills de sitter gravity from eleven dimensions, hep-th/0308104.

[16] H. Lu and J.F. Vazquez-Poritz, Smooth cosmologies from M-theory, hep-th/0401150. [17] G. Jones, A. Maloney and A. Strominger, Non-singular solutions for S-branes, Phys. Rev. D 69 (2004) 126008 [hep-th/0403050].

[18] J.E. Wang, Twisting S-branes, J. High Energy Phys. 05 (2004) 066 [hep-th/0403094]. [19] G. Tasinato, I. Zavala, C.P. Burgess and F. Quevedo, Regular S-brane backgrounds, J. High Energy Phys. 04 (2004) 038 [hep-th/0403156].

[20] M. Cvetič and D. Youm, Rotating intersecting M-branes, Nucl. Phys. B 499 (1997) 253 [hep-th/9612229].

[21] M. Cvetič et al., Embedding AdS black holes in ten and eleven dimensions, Nucl. Phys. B 558 (1999) 96 [hep-th/9903214].

[22] P. Kraus, F. Larsen and S.P. Trivedi, The coulomb branch of gauge theory from rotating branes, J. High Energy Phys. 03 (1999) 003 [hep-th/9811120].

[23] J.G. Russo and K. Sfetsos, Rotating d3 branes and QCD in three dimensions, Adv. Theor.

Math. Phys. 3 (1999) 131 [hep-th/9901056].

[24] R.C. Myers and M.J. Perry, Black holes in higher dimensional space-times, Ann. Phys. (NY) 172 (1986) 304.

[25] M.J. Duff and J.X. Lu, Black and super p-branes in diverse dimensions, Nucl. Phys. B 416 (1994) 301 [hep-th/9306052].

– 16 –